Maximal inequalities for dual Sobolev spaces 
W~'^'^ and applications to interpolation. 

Frederic Bernicot 
frederic.bernicot@math.u-psud.fr 
Departement de Mathematiques 
Universite Paris-Sud 
91405 Orsay Cedex (France) 

December 16, 2008 

Abstract 

We firstly describe a maximal inequality for dual Sobolev spaces 
^-i,p xhis one corresponds to a "Sobolev version" of usual prop- 
erties of the Hardy-Littlewood maximal operator in Lebesgue spaces. 
Even in the euclidean space, this one seems to be new and we develop 
arguments in the general framework of Riemannian manifold. Then 
we present an application to obtain interpolation results for Sobolev 
spaces. 
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The first maximal inequality in Lebesgue spaces, is described by the L^- 
boundedness of the Hardy-Littlewood maximal function. This result holds 
in a space of homogeneous type {X,d,fi) : for p G (l,C)o], s G [l,p) and 

/ e LP (X) 



LP{X) 



< 



1 



X 



Q bSi fj^iQy^'' 

Q3x 



< 



LP{X)- 



LP{X) 



Here the left inequality is due to the "regularity property" : for almost every 

xex 

lim ] I \fW=\f{x)\. (1) 

The right one corresponds to the U boundedness of the maximal operator. 

Applying this result to a function and its gradient, we obtain the same result 
for the Sobolev spaces on a doubling Riemannian manifold M : for p G (1, oo] , 

s G [l,p) and / G W^'^p 



X 



< 



LP 



Therefore the Sobolev norm can easily be described by the corresponding 
Lebesgue norm of a maximal operator (which is a "Sobolev version" of the 
Hardy-Littlewood maximal function). Such a property is important because 
the norms in Lebesgue spaces are specific and satisfies for example the "lattice 
property" which is not the case of the norms in Sobolev spaces. Then a 
natural question arises : do we have similar results for the dual Sobolev 
spaces W~^'P ? 



Recently in ^T2\ [TT] the authors have used maximal operators (and duality) 
to describe interpolation results between Hardy spaces and Lebesgue spaces. 
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To extend this theory for Sobolev spaces, we need such maximal inequahties 
for negative Sobolev spaces. That is why, we study this problem. Despite 
this objective, the above inequality studied in the current paper may be of 
independent interest by itself. 

We define maximal operators and then prove the following result : under 
classical assumptions on the Riemannian manifold M, there are implicit con- 
stants such that for all functions / G W~^'^ 



(a) 



LP 



< 
(b) 



VI/-1.P (2) 



under some restrictions on p. The second inequality {b) is quite easy to obtain 
and corresponds to a boundedness of the maximal operator. The first one (a) 
is more difficult to prove. Such property as ([H) is not sufficient to conclude. 
For example in the euclidean space, we get : 

Theorem 0.1 On R" equipped with the euclidean structure, ^ holds for 
every exponents p,r G (1, oo). 

We emphasize that even in the euclidean space M", such inequalities are 
not obvious. In this particular case, we know that the operator (/ + A)~^/^ 
defines an isomorphism from Lp(M") to VF~^'P(M"). However such a descrip- 
tion is not sufficiently precise to obtain the inequality (a). 
This result seems to be new and does not exist in the litterature. We think 
that it will permit to better understand the structure of dual Sobolev spaces 
and above all the interactions with restriction and localization operators. 
We believe in the interest of such inequalities and we give a first application 
about interpolation of Sobolev spaces (Section [3]). For example we will prove 
the following result. 

Theorem 0.2 Let M be a doubling Riemannian manifold satisfying a Re- 
verse Riesz inequality ; 

1 + A)V^(/)||^,<||/|U.., 
for an exponent r G (1, 2). Then for all po G (1, 2) and 9 G (0, 1) such that 

1 9 1-9 1 
Pe Po 2 r 
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we have 



This result is interesting as we do not require Poincare inequality as in the 
work of N. Badr (see [8ii9j). This is the first result of interpolation for Sobolev 
spaces, which permits to get around the use of Poincare inequalities. Due to 
the work of P. Auscher and T. Coulhon (see [1]), our assumed Reverse Riesz 
inequality is weaker than the Poincare inequality (Pr)- 

We refer the reader to a forthcoming work (joined with N. Badr, see |10j). 
where we use these maximal inequalities for Sobolev spaces in order to de- 
scribe an interpolation theory for abstract Hardy-Sobolev spaces. In this 
case, they will play a crucial role. 

I Preliminaries 

Throughout this paper we will denote by l^; the characteristic function of a 
set E and E'^ the complement of E. If X is a metric space. Lip will be the set 
of real Lipschitz functions on X and Lipg the set of real, compactly supported 
Lipschitz functions on X. For a ball Q in a metric space, XQ denotes the 
ball co-centered with Q and with radius A times that of B. Finally, C will 
be a constant that may change from an inequality to another and we will use 
u < V to say that there exists two constants C such that u < Cv and w ~ f 
to say that u <v and v < u. 

In all this paper M denotes a Riemannian manifold. We write fi for the 
Riemannian measure on M, V for the Riemannian gradient, | ■ | for the 
length on the tangent space (forgetting the subscript x for simplicity) and 

II • \\lp for the norm on := U'{M^ iu), 1 < p < +oo. We denote by Q{x, r) 
the open ball of center x G M and radius r > 0. 

We will use the positive Laplace-Beltrami operator A defined by 

yf,geC^{M), {Af,g) = {Vf,Vg). 
1.1 The doubling property 

Definition 1.1 Let M be a Riemannian manifold. One says that M is dou- 
bling or satisfies the (global) doubling property (D) if there exists a constant 



4 



C > 0, such that for all x G M, r > we have 



fiiQ{x,2r))<Cfi{Q{x,r)). 



Observe that if M satisfies (D) then 



diam{M) < oo <^ ^{M) < oo (see pQ). 



Therefore if M is a complete Riemannian manifold satisfying {D) then /u(M) = 
oo. 

Theorem 1.2 (Maximal theorem) (IT^) Let M be a Riemannian man- 
ifold satisfying (D). Denote by Mhl the uncentered Hardy-Littlewood maxi- 
mal function over open balls of M defined by 



Then for every p G (1, oo], Mhl is LP bounded and moreover of weak type 



is of weak type (s, s) and L^ bounded for all p G (s, oo]. 
1.2 Poincare inequality 

Definition 1.3 (Poincare inequality on M) We say that a Riemannian 
manifold M admits a Poincare inequality (Pg) for some q G [l,oo) if 
there exists a constant C > such that, for every function f G LipQ(M) and 
every ball Q of M of radius r > 0, we have 



Remark 1.4 By density of C^{M) in LipQ{M), we can replace LipQ(M) by 





MHL,sf{x) := [MHLilfnix)] 



l/s 





C^{M). 
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Let us recall some known facts about Poincare inequalities with varying q. 
It is known that (Pg) implies (Pp) when p > q (see [IS])- Thus if the set of 
q such that (Pg) holds is not empty, then it is an interval unbounded on the 
right. A recent result of S. Keith and X. Zhong (see [18]) asserts that this 
interval is open in [1, +oo[ : 

Theorem 1.5 Let {X,d,^) be a complete metric-measure space with fj, dou- 
bling and admitting a Poincare inequality (Pg), for some 1 < g < oo. Then 
there exists e > such that {X, d, fj,) admits (Pp) for every p > q — e. 

2 Maximal characterization of dual Sobolev 
spaces 

From now on, we always assume that the Riemannian manifold satisfies the 
doubling property (D) and write n for its dimension. 

2.1 New maximal operators. 

First, we begin recalling the "duality-properties" of the Sobolev spaces. 

Definition 2.1 For p G [l,C)o] and O an open set of M, we define W^'^{0) 
as following 



W'^^iO) := C^iOY w^th WfWw^.io) := lll/l + |V/|||,,(o) ■ 

Then we denote W^^''''' (O) the dual space of W^'^^O) defined as the set of 
distributions f G T>'{M) such that 

\{f,9)\ 



9GC(f (M) \\g\\W^'P{0) 

Proposition 2.2 Let p G [1, oo). Then for all open set O of M , we have 



Here we take the infimum over all the decompositions f = (j) — div^ip) on M 
with G LP'(O) and G V'{0,W) such that div{ij) G Lp'{0). 
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The proof is left to the reader (it is essentially written in [7j, Proposition 33). 
We introduce the following maximal operators : 

Definition 2.3 Let s > 0. According to the standard maximal "Hardy- 
Littlewood" operator Mhl,s, we define two "Sobolev versions" : 

and 

M5,.,.(/)(x) := inf Mhl,sM + 1^1) (^)- 

f=(p-div(i)) 

Remark 2.4 Thanks to Proposition \2.Sl it is easy to check that we can com- 
pare them pointwisely : 

MsAf)<Ms,.Af)- 



We dedicate the next subsection to the study of these maximal operators. 
Mainly we want to describe the dual Sobolev norms by the corresponding 
Lebesgue norms of these operators. 



2.2 First properties of the maximal operators. 

We begin proving some useful and general properties for the new maximal 
operators Ms^s and M^^^. These operators can be thought as being equiva- 
lent to Mhl,s((-^+A)^^/^), where A is the positive Laplace-Beltrami operator 
on the manifold M. 

Proposition 2.5 For p G [1, oo), Ms^p and Ms^^^^p are of "weak type {p,p) " : 
there exists an implicit constant such that for all f G W~^'^ 

\\MsM)\\l.^^ < \\Ms,.M)\\l.,^ ^ ll/lk— (3) 

Proof : The first inequality is due to Remark |2.4[ We only check the second 
one. Using Fatou's lemma in weak Lebesgue spaces, it yields 

WMs^.ADWlv.^ < inf ||M^i,,(|0| + 1^1)11^,,^ . 
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Then using the weak type {p,p) of the Hardy-Littlewood maximal operator 
it comes 



\\Ms,.Af)\\Lr>.^< , inf |||0| + ,>,M,i.. 
f=<t>-div(ip} 

Finally Proposition 12.21 finishes the proof. □ 
Now we look for reverse inequalities. First we describe an easy fact : 

Remark 2.6 Let ri,r2 G [l,oo) with ri < r2- Then 

Ms,*,rr < Ms,*,r2 and Ms,rr < Ms.r2- 

Proposition 2.7 Let p G [l,oo). The two maximal operators Ms^*^p and 
Ms^p "control the Sobolev norm in W~^'^". That is 

V/ G W-''^, < WMsMIWlp < \\Ms,.Af)\\Lp ■ (4) 



Proof : Thanks to Remark 12.41 we just have to prove the first inequality. 
In order to show this one, we choose a collection of balls {Bi)i of radius 1, 
which corresponds to a bounded covering of M. Let be a partition of 
unity associated to this covering. Then we know that there exists a function 
g G such that 



,,<2{f,g) = 2J2{f,g<P^) 



and = 1- We use the fact that 

< \\f\\w-^,P{Q,)\\9(pi\\w^,P'(Q^)- 

Since the balls Bi are of radius 1, the functions (pi can be chosen as uniformly 
bounded in the Sobolev space W^'P' and so we have 

Using Holder inequality we obtain 

l/p / X 1/p' 



8 



The first term is bounded by ||M5'p(/)||iP. The second term is bounded by 
IkllvKi.p' ~ l since the collection {Qi)i forms a bounded covering. Therefore 
the proposition follows. □ 

We also would like to prove a similar result as in Proposition 12.71 with a 
maximal operator M^ ,., given by another exponent r < p. Such a result for 
r > p holds combining Remark 12.61 and Proposition 12.71 For r < p this fact 
seems not to be obvious and we do not know if it is true in a general case. 
That is why, we define the following assumption : 

Assumption 2.8 Take two exponents Sq,Si with 1 < Sq < si < oo. Then 
we call (HsQ^si) th^ following assumption: there exists an implicit constant 
such that for all functions f G W~^'^^ 

Remark 2.9 If sq > si, we have seen that (Hsq,si) is always satisfied. 

We finish this subsection comparing the two maximal operators Ms,p and 
Ms,*,p. We have already seen in Remark 12.41 that we have a pointwise in- 
equality. We describe here a global reverse inequality. 

Proposition 2.10 Let p G (l,oo) andr G [l,oo). Assume that the Rieman- 
nian manifold M satisfies fJ-{M) = ocQ. Then we have 

\\Ms,.Af)\\L.^\\MsAf)\\L.- (5) 

The implicit constants can be chosen independently with respect to any func- 
tion f G W-^^P. 

Proof : Using Remark 12.41 we just have to prove that 

\\Ms,.Af)\\L.^\\MsAf)\\L.- (6) 

The proof is based on a "good lambdas" inequality. By classical arguments 
(see |6]), we just need to show the following inequality for any small enough 
7 and a large enough numerical constant K > 1 : 

fi{{x,Ms,.Af)i^) > K\, MsAf){^) < 7A}) < 

7/i({x,M5,.,.(/)(x)>A}). (7) 

"'^which is true if we assume M complete since here the Riemannian measure is doubling. 
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We consider the sets 

5a := {Ms,.Af) > KX, MsAf) < tA} 

and 

Ex.= {M5,.,.(/)>A}. 

First we have Bx C Ex- We choose {Qj)j a Whitney decomposition of Ex 
and write Xj for a point in AQj fl i?^. Let x be a point in Bx H Qj. We have 

However for all ball Q containing x and satisfying Q fl (SQj)'^ 7^ 0, the point 
Xj belongs to AQ. Hence 

f=<p+dtv(ip) Q3x /i(4Ct/| 

Qn{8(3j)==^0 

Therefore using (D), we obtain 

111^1 + 1^1 ll-(Q)^^- 

Taking large enough (larger than the implicit constant in the previous 
inequality) yields 

Now we choose (f)j and '0^ such that 

M3\ + I^jIIIl'-(8Q,) - ll/lk-i.'-(8Q,)- (9) 

This is possible due to Proposition 12.21 We thus obtain 
M^,i,r.((|0,| + |^,|)l8Q,)(a;)>i^A. 
So we have proved that 

Bx n Q, C {x, Mhl,. ((0,1 + 1^,1) IgQ,) (2;) > K\] . 
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Using the weak type (r, r) of the Hardy-Littlewood maximal operator, we 
deduce that 



<1 



I r ^1 



w- 



The last inequality is due to Then by definition of M5,,, "we have 



/i(g,)i/'-infM5,.(/)<7^(Q,)'/^A. 



We conclude that 



Therefore summing over j, the proof of ([7]) is completed. 



□ 



Corollary 2.11 Let 1 < So,Si < 00 . Then under the assumptions (Hs^^si) 
and /i(M) = 00, the maximal operator Ms^sq "controls the Sobolev norm in 
W-^''^ ": that IS 

\w-^^n<\\Ms,sM)\\s,- (10) 



It is difficult to check the assumption (//^csi), some technical details create 
problems. We are going to check that the assumption (if^gsj has really a 
sense and is satisfied under more classical assumptions. The next subsec- 
tion is devoted to prove that (Hs^^si ) holds under usual assumptions on the 
manifold M. This is the main result of this section. 



2.3 Some hypotheses insuring (Hg^^si)- 



We first define some concepts to describe our main result. 

Definition 2.12 We use the second order operator L := {I + A) defined 
with the positive Laplace- Beltrami operator. We recall that the two operators 
A and L are self-adjoint. 

According to J^], we say that for p G (l,oo) we have the non-homogeneous 



property (nhRp) if 



\L'/\f)\ 



LP 



(nhRp) 



for all f G C^{M). This is equivalent to the L^ boundedness of the local 
Riesz transform V(A + I)^^^"^ . And we have the non-homogeneous reverse 



property (nhRRp) if 
for all f G C^iM). 



< 

LP ~ 



(nhRRp) 
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Definition 2.13 Let p,q & [l,oo). We say that the collection {Tt)tyQ = 
ie'^^)t>o or {Tt)t>o = (v^Ve-*^)t>o satisfy %Lp - L'^)- off- diagonal esti- 
mates", if there exists 7 such that for all halls Q of radius rq, every function 
f supported on Q and all index j > 



/i(2JQ) 



i/p 



We used Sj{Q) for the dyadic corona around the ball 

These "off-diagonal estimates" are closely related to "Gaffney estimates" of 
the semigroup. 

We now come to our main result : 

Theorem 2.14 Let 1 < s < r' < a. Assume that the Riemannian mani- 
fold M satisfies {nhRRr) and {nhRgi). Moreover assume that the semigroup 
(e~*^)i>o satisfies "(L'^ — L"* ) -off-diagonal estimates" and that the collection 
{\/iVe~*^)t>o satisfies — L^ )- off-diagonal estimates" . 
Then there is a constant c = c(s, r, a) such that 

V/ e W-''^', ll/IU-i,.' < ||M<,,,,,(/)||^., . (11) 



Therefore (Hg^^^si) is satisfied for all exponents So,Si satisfying Sq > s and 



Si = r' . 

Proof : Thanks to Proposition 12 .Tt this result is interesting only for s < r', 
which will be assumed. 

The proof is quite technical, we deal with the case where the manifold is of 
infinite measure /i(M) = 00. We explain in Remark 12.151 the modifications 
one has to do in the other case. 
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Take a function / G By definition, (nhRRj.) implies that 

ll/iU-i.-' := sup |(/,^)| 

= sup 

llsll^l,r<l 

< sup {L-'/'f,h) 

\MLr<l 

^ WL-'/'fLr'- (12) 

Now we have to use a "Fefferman-Stein" inequahty adapted to our operator 
L~^/^. We use the results of [12]. Let us first recall some notations. 
We set 



M^if){x) :=sup — — - 

Q3X KQY'" 



and 



M«(/)(x) := 



7i m^'' 



/-e-'^«^(/) 



The assumed "(L'^' — L^')-off-diagonal estimates" for (e *'^)t>o gives (see [12], 
Theorem 5.11) 

MM) < MhlAI)- 
Moreover from [12], Proposition 7.1 (which proves that the associated atomic 
Hardy space is included in L^) and Corollary 5.8, it comes that for all q G 



||.|U,^||M,«(.)||^,. 

We have used here that ^{M) = oo (see Remark I2.15p . 
Thus applying (IT^ and (IT^ with q = r', we obtain 

\\f\\w-^.r'<\\M!{L-'/'f)\\^,. 

It remains to prove the following property 

[L-'/'f)<Ms,.Af)- 



(13) 



(14) 



Fix an xq G M. Take a decomposition / 
ip G T>'{M) and a ball Q 9 Xq such that 

1 



div{ip), with (f) E W and 



M|(L-i/V)(xo)<2 



l/s 



1 
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We can find a function g G C^{Q) witli Hfi^H^s' < 1 sucli tliat 

4 



Ml{L-'/'f){xo) < 



< 



Using tlie decomposition of /, we get : 

Mf(L~VV)(xo) < 

Let us study tfie first term (0, L~^/^(l — e~^Q^)g). We follow ideas of [3] 
(section 4, Lemma 4.4), using tlie following representation of the square 
root : 

dt 



L~'/\h) 







Now using the (L*' — L'*')- "off-diagonal" decays (implied by the {L^' — L'^')- 
ones) of the semigroup (e^*^)t>o, we obtain : 

We do not detail the proof of this claim and refer the reader to j3], Lemma 
4.4 in the Euclidean case and for j > 2. For j G {0, 1}, this is a direct con- 
sequence of the -boundedness of the semigroup. With the normalization 
of g, we finally get 

^ ' L-'/\l - e-^l^)g) <MHL,sm^o)- 



Similarly by the "off-diagonal" decays of (v^Ve *^)t>o, we obtain for j > 2 : 

When j G {0,1}, this inequality is a consequence of the L*'-boundedness of 
the non- homogeneous Riesz transform due to {nhRgi). Therefore 

M«(L-i/V)(xo) < MHL,sm^o) + Mhl,sW{xo) 



Taking the infimum over all the decompositions of / yields f[T4j) and the proof 
is therefore complete. □ 
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Remark 2.15 In the case where the manifold is of finite measure, the "Fefferman- 
Stein" inequality ( [73]) has to be replaced by the following one : 



+ ll-IUi. (15) 



However when M is of finite measure, we have : \\L ^^'^{f)\\L^ ^ \\L 
Then using the {nhRgi) property, we deduce that 



\L-"\f)\W < 



The reverse inequality of Proposition 2. 1 gives us 
which implies the desired inequality 
when s <r' . 

We recall criterions from [1], [5], [H], [15] that insure our previous assump- 
tions : 

Theorem 2.16 Let M be a complete doubling Riemannian manifold. 

• (n/ii?2) and {nhRR2) are always satisfied. 

• Assume that the heat kernel pt of the semigroup e~*'^ satisfies the fol- 
lowing pointwise estimate 

Then {D) and {DUE) imply the following gaussian upper-bound esti- 
mate of pt 

Note that under iUE), the collections {e~*'^)t>Q and (-\/tVe^*^)i>o sat- 
isfy "(L^ — L^) off-diagonal decays". Moreover we have {L^ — L°°) 
"off- diagonal" decays o/(e~*^)t>o. 
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It is known that the conjunction of {D) and Poincare inequality (P2) 
on M is equivalent to 

-e " * <Vt[x,y)<———pr-re^ * . [LY) 



KB{y,ty^)) '''^ - f,{B{y,ty^)) 

• Assume that pt satisfies iPU E\) . Then for all p G (1,2], (nhRp) and 
(nhRRpi) hold. Moreover, pt satisfies a gaussian upper-bound estimate, 

• Under Poincare inequality {P2), the property (nhRp) for all p G {2,po) 
is equivalent to the boundedness 

IIVe"*^ll < — (G ) 

Moreover (Gpf-,) implies for p G [2,pq) the [L^ — L^) "off-diagonal" 
decays of {y/tVe'^^)t>o- 

• Under Poincare inequality (Ppo) for Pq G (1,2], {nhRRp) holds for all 

(po,2]. 

Remark 2.17 All these results are proved in their homogeneous version, 
with homogeneous properties [Rp) and (RRp). It is essentially based on the 
well-known C alder on- Zygmund decomposition for Sobolev functions. This 
tool was extended for non-homogeneous Sobolev spaces (see [S]). Thus by 
exactly the same proof, we can obtain an analogous non-homogeneous version 
and then prove Theorem \2.16\ . 

From Theorem 12.141 Theorem 12.161 Remark 12.61 and the self- improvement of 
Poincare inequahty (proved in [18]) we get : 

Corollary 2.18 Let M be a non-compact Riemannian manifold satisfying 
the doubling property. If Poincare inequality (Ppo) holds for some po G (1,2), 
then (Hsg^si ) is verified for all sq, si satisfying 

So >2 and si < p'^. 

Corollary 2.19 In the Euclidean case M = M", for all so,si G (l,oo), 
the assumption (H^^) holds. More generally, on any Riemannian manifold 
satisfying (D) and (Pi), (Hso^si ) holds for all Sq, Si G (1, 00). 

We begin to understand the link between Sobolev norms and the Lebesgue 
norms of our maximal operators. This technical result will be useful in 
Section E] to develop new results for the interpolation of Sobolev spaces. 
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3 Interpolation of Sobolev spaces. 



In this section, we look for a real interpolation result for the scale of Sobolev 
spaces (VI^^'^)p6(i,oo)- We refer the reader to the work of N. Badr (see [HI [9]) 
for first results. This work is based on a well-known Calderon-Zygmund 
decomposition for Sobolev functions, initialy explained by P. Auscher in [2]. 
We refer the reader to [2] for the first use of this one. Many applications 
follow from this decomposition and there are many versions (for example 
there is several improvements with weights in [6] and [9]). This very useful 
tool works under the assumption of Poincare inequality. 

This section is devoted to the description of interpolation results for Sobolev 
spaces using the results of Section [2J 

We recall the important assumption : 

Assumption 3.1 Take two exponents 1 < sq < si < oo. We call (Hsg^si) 
the following assumption : 



Definition 3.2 For M a Riemannian manifold, we denote by 1m the fol- 
lowing set : 



:= {(so, si) e (1, oo)^ Sq < Si, holds] . 



Here is the main result of this subsection : 



Theorem 3.3 Let M he a Riemannian manifold satisfying the doubling prop- 
erty (D). Then the scale (W^'^)pQ(i^oo] is an interpolation scale for the real 
interpolation related to Xm- That is for all po,pi G (1, oo] (with po < pi) and 
9 e (0, 1) such that 

I __l-9 9 
Pe ' Po Pi 
and satisfying (p'i,Pe) ^ ^m, we have 
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Proof : We set E := (W^'P° ,W^'P^)q We have to prove the equivalence 
of norms : 

II We — II Ww'-'Pe- (16) 
/^From the interpolation theory on Lebesgue spaces, it is obvious that 

We just have to prove the reverse embedding. We will use the maximal 
operator M5*p'^. Let q G [l,Pi]. We claim that there is a constant c = Cg 
such that 

||M5,*,pi(/l)||^,,^ <cj^||(^i„)*. (17) 

This fact comes from several properties : {W^''^)* = W^^''^' by definition, 
from ([3]) and finally from Mg' ^. p/^ < Ms,^:^q'- 
We refer the reader to [T7] for the proof of 



Pe 



with the concept of "doolittle couple" . 

Then by interpolation on the weak Lebesgue spaces, we obtain 

\Ws,*,p'^{h)\\^p'^ < ||/i|U*, 



which according to the assumption [Hsq^si ) (for sq = p'l and si = p'g) yields 



W-i,p'e ~ II ^11^*- 

Thus E ^ W^^Po and E* ^ W'^^P'e = (W^'Po)*. Using Hahn-Banach Theo- 
rem, we deduce that E = W^'^^ with equivalent norms. □ 

To regain results of the same kind as in [8], where the author assumes 
Poincare inequality, we describe the following corollary : 

Corollary 3.4 Assume that M satisfies (D) and admits a Pincare inequality 
(Pr) for an r & (1)2). Then for all po G (1,2) and 9 G (0, 1) such that 

1 1-9 9 1 
Pe Po 2 r 

we have 
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Proof : We set Si = p'q and Sq = 2. Thanks to Theorem 13.31 we just have to 
check that (sq, ^i) G Xm- This is a direct consequence of Corollary 12.1 8[ □ 

Remark 3.5 In the previous corollary, Poincare inequality {Pr) could he 
replaced by the weaker non-homogeneous variant 

As (Pr) is sufficient to obtain the (nhRRr) property. Moreover Assumption 
{nhRRr) is sufficient for the previous corollary. 

Remark 3.6 In Corollary \3.4l we can chose pi < 2 (and not necessary 
equal to 2). Then under (DUE) and (nhRRr), we get the corresponding 
interpolation result. 



Let us compare these results with [5]. Note first that the results -even the 
proofs- of in the non-homogeneous case still hold with this variant of 
Poincare inequality. In [8], the author just requires the condition pg > r 
to obtain the interpolation result under local doubling property and local 
Poincare inequalities. The main tool (the "well-known" Calderon-Zygmund 
decomposition for Sobolev functions) of [5] permits to interpolate any Sobolev 
spaces (not only with W^'"^ or W^'^'^ with pi < 2) under Poincare inequality 

(Pr). 

The use of the exponent 2 is the most important in the litterature and that 
is why we mainly deal with it. In the case pi < 2, our assumption [nhRRr) 
is weaker than the corresponding Poincare inequality (Pr)- Consequently we 
regain the results of N. Badr ([H])- 

However in the case where pi > 2, we can not recover her results as we 
require an extra assumption : the Riesz inequality. Our assumptions and 
the ones of [8j are not comparable when pi > 2. Which is interesting is that 
even in this case, we succeed to interpolate Sobolev spaces without assuming 
Poincare inequalities. 

An interesting question still stays open : we have weaken the assumption of 
Poincare inequality, however we do not know which assumptions should be 
sufficient and necessary to prove an interpolation result. In the case po,Pi < 2 
our assumption (nhRRr) seems to be the well-adapted assumption ... 
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To finish, we refer tlie reader to an otlier work (joined witli N. Badr, see 
\TU\), wliere we develop a new tlieory for abstract Hardy-Sobolev spaces. 
Using tliese maximal inequalities, we prove some results for interpolation 
between Hardy-Sobolev spaces and Sobolev spaces. In this application, the 
arguments based on the well-known Calderon-Zygmund decomposition do 
not work and these new maximal inequalities play a crucial role. 
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